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8+%imulated Raman scattering and four-wave mixing:
sLcady-state vlanc-wave analytic solutions

Jay R. Ackerhalt
Theoretical Division, Lna Alamosa Natienal Laboratorv
Los Alamos, New Maxico 87545

Abstract

The 2quations fnr planc-wave steadv-state srooanation nf n fields interacting via four
wave nrocesses in a Raman mrdium have been known since at loamt 1962, Complate analytic
solutiors have only becen found fur the nroceas af harmorlc ~enerition. Howes:r, solutions
have been obtalned in the qain reglme assuming zero oumn derletinn., Assumiig all floldn
satiafy tha phisr matching condition wo have found nencral analyt:c solutiona to those
equationa. The solutions are completo in that they deacriko both pump deletien and sarura-
tion. Some cxample oroblems will be atudind.

Introduction

In 1962 Armautrong, Bloemberaer, Yucuing and Perchae’ avesoptod the oquatins anveras e
planc=wave Jteuly=arit.s nroinsion in + non-lineawr median. They derivad explicit analy s
solutions for accond and raied harmnni s qencrarisan aasunminag che flagda gavisliod the phaase
mitechiang anndi*lon, d inul.ated the pracedurs to be fallowed “cr b1 ther arder harmon. o
generatisn., In 19604 Plaronenko wad Khokhlov  present:1 aaalvtice solutions o *he gimplonat
prol:l1om whi *h ."an ex1at In 1 Ramar medium pumn anversion ro firat Stekod, Beth these
analye 1 ualations contarasl *he dynami s of *ho ontles proacess liowing sarpiote denlerion
of the imi=iil pup Tiel-ln and rturation of *he ensrated final preolues flebia, Sinee
thar t'me =0 now analwri = anlutiansg *o theae ot iona 1we Leen Soaunl whieh an deer:ibe
resap et les s on ol 'or caturet i o oexamnle Rurte ki, . al o oan 1970 dedertheel fhe
quaertion al *he firar o anei=aGtoken Fieid o asssumisr e bl oot an of s e nt g =Ntoken
Liceld n the pum=r e sopvor n oaroceea. Bvern it th o agercamar: tn taes s golatioan,
are meey cnmy D, ocavend oSy e nye et Ee o fap e e el inlr ot che o prevaraint v joue e
tha* wmalee s anl 1P tang are Fitntently it 010 o otmpec il 1 s ot L R B
o un-ber s nd, seesegmie e She Lire ct ame af ) wamnutep o pene 1 ate sl gt ong,

In *his lerea e e woabd Tike o dhow *hat b omew et Tty Phe arc i it e
Aerive b an el e aar Cielld ooarteraecttan e eamr e e an Ll e ettt analv -
Pl vl ievs ter v tory o sarne et of ool leme e ettt et e menhiar, Any
arhicrary wvamber o tiobdy an b o wnader ol g g g0l Lol are e mae ko anf
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where the torms indopandent of Ak are the usual R“‘EH torma and the remaining taorms are the
four-wave mixing tormas.' The frequency w_ of the m fleld is rulatad to the wave vactor

k_ of tho mth fiuld in the standard way. ®rhe m, L field pair phasc mismatch ik is da-
tTnod as m,

Bk, y ™ (Ky~Fpyy) = (Kpg=Kgyy) - (2)
The -‘.th alectris flecld is qiven by

Eyfz,t) = Re(A ol (Ko egt)) (4)

wvhore A, is the complex amplitude of the field assumed here to be indepandont of time. The
p:lrar.u-:ur 4 which is assumed hore indepandont of tho flolds' Ererquoncios is proportional to
v{''. The Induxing in (1) isn chesen auch that {f is a ouwap rlald, then 25? (A__,) is ita
corroapnndina firat Stokes (firat ant!-stokea) flelll. Suceranive higher (1 nh fnl\l-:i.u.-l
refor to succesaaively hlgher Stokcs (antl-Stokes) fielda. IF additional indeponident chaine
of finkin ire nf jiatereat {n the nroblem, then the indexing an bhe casily acneralizod usging
two uubscripty where tho -rivit one 1dentifierd the chain and the socond identifies the fileld.
Tha summation in (1) rofers to a sum aver 1ll other naira of fields whose froquoney diffor-
ence |3 rusonant with the Raman transition,” It is laportant tno reallse that thiy aum in-
cluden pairs nf fivldy which may ot avoecar in a commor chiin of higher Stokes or inta-
Btokea €leldn lue o ningle oump fleld, but oxist aoe to the posaible Initial prosence of
additional pump ficlda, Ams wa will ace, croray {s only tranaterrsd within indlvidual chaing.
not badween caaing, hut the overall nroywqation dynwmiesy in Jdetermined by all flelda. (We
should narice hore that the Raman terma 1a (1) can be naturally included in the four wave
mixint termas hy aimply allowing the sum * ) include 11l Cield pacra.  The oxponentrial °k
termn in thin case are ldentlcally unity.) - m.m

Raman converdion (Examole 1)

Insterel of i1t rat lng the qeneral mothod of aolation @ip oopiationg (1) 1or ug conngdey
wonimpl s cxact 1y solvable cxample proslem, numn converalon *o firar Stogea, Sines b
are s vy Ficlla in thia nroblom 1ot un refor o the vumpy anl Senkes Flellds o 0ol 08,
poannt fvely,  The oquat long of motion ledaeriliing vhis ayatom e

=N
RPN (4
IR AL n

The wtandard approach to =olving these oquationn g to uee e ool 1eon

TR P H

soaoninrant )

e h ]
which when subttrtuted dnto (Aad for '90% or (4b) fo= 'P' gives osinale differential -
tion far I or 8, resmeaer eely. Those dow o oquat ionn are roa b by aolasd by e ppteagrata my,

Initead of wsing this atardard mothod which s not saitable tor solvaing the el
peablem 1ot un rowr it (4) an

l|:=

Uning (o we can conantriet the sapiat fon of mot ion tor the pait produet e
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d 1nl2_. 1gl?
Iz (rs*) - :Hu,-PI up.sl ) (PSY) (7)
which can subsequcntly bu rewritton as

4 in(ese) = B(u.!Plz-uplSIZ) . (a)

If wo now defino some now varilables

PE* az ¢ (9)

whero :}:)- L1 'ral and oqual to the magn'tudo of PS*, then auiptitution of (9) into (8)

givena

g-:- (1n "E - :-'r:) Cu i gty (10)

Equating real amd imaglioary rartas thows that , Ls a eonatant In :.  The value of o is
n
chouen From (9) using Lthe iucia?l wvalven for I oand. S and requiring that gi‘ lo real,

Substituting (9) Llnta (n) qlives

%o T ': " SEFY

‘T Lode .

d» “noda ! (i
where we v removesd the phane | he o rodetapnitior of the Stokes field,

Toonel (1)
If woe assume *he tields dopend on 1 only thrsagh the new cariable o, then (1) bocoren

| \

:! BT 1 (SRR}

o .

A\ 'ty ! R

which aree twy gt cor by lines, commbed ditfoegentbal opeatioes with conat et st rjeiontn,
The tolseaam of (13 i he ataidned by ot audand et el

Py | T nwoa .!' vin . (14.0)
(") T e ,P in .o (1am
I
whi -
| - 1
l.lI l\ (1h)
Aand 1 oand T ottt g expl el depeepdeaness a0 gt 0 0 0 (:-0), our Monee ot



the solution of a sin: linear equation in 0,
g'_;- 3 % sin [2(=Q9+.)]) (16)

wherec we have -'llssumcd that the intial pumo field 1s much qreater than the initial Stokes
field, !P|-~{s{, and

. 0 2
T 'p| (17)
P

= S | (18)
YL .2
(&/ p) r;

Since the gqain for the growth of the Stokes flcld as defined in the reqion z v 0 (#n0)
we ran rowrite (l6) s

R SRR T 44 (19)
whuere the golution of (19) ia

g™ TR e (20!
For small - (ldb) becomen

TG oS e (21)

which altor avbstitating o (20) roduces Lo
2

T2y - P ow (22)

whers: the cnun for the Stokes amplitade is definoed as
-
g - e " . (2hn

Fguat :n (1) can be intearated oxact 1y

aZ

tan + - o (24)
whe o
| NN L I . 2

From (4 and (29) we o obiierve that boda dnitially at v (o) oad arows ant g | '
(z =)o *Maklng the same approXtaat ionn in (I4) a0 owan donas to arrfive aF (la) allows (14 to
to e wreitton in the torm

Al 1 1
LRI e van” {(26.0)

. e Vgl 2,
e, 1 ain H (2nh)
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where we have written (26) for the field intensitiea. UYaing standard trigonometric iden-
titica for tan‘? in terms of cos”* or sin?} allows (26) to be written in a more familiar
form.

2

_|s|
lp(2) 12 = [P|2/ (1 + 2 o297 (27a)
ms D
2
w_|S]
Istz) |2 = 15)1%29%/ (1 + -2— &29% (27b)
w_|P|
L]

where we have also used (12), (14) and (18). Equation (24) now allows us to easily define
saturation, the point where the pump intensity is depleted to half its initial value,
s = 1/4,

9zgpp = In (%) (28)

Wnile this method of solution for this simple problem seems very comnlicatad, we shonld
point out that this method ls complately genceral in that the n tield problem can he solved
by this samn apprmach. It is also intercuting to notice that the evpounential solutlons
(27) are expressoad in terms of sine ind cosine funct.'.ons of a nonlinear variable in =z. It
is thia concept of aimple functions ot a nonlinear variable which allowe all thuse types
of problems to exhibit simple solutiont.

"Multipaig cell” (Exampla =)

Let us now considor a problem recently studiad by Trutna, ot. al' where * mrdes of a
gincin pump finld have a one-to-one correspondence wlith k modes of a first-sto.os Ffiold.
Slrce thia problem deals with multinle chains of field palrs, we will qeneraliz: aur
previouns notartion such that tae ith' vhain's onump and Stokes Fficlda are labeled P, and s, ,
rospectivaly, Aftor specifyina the (nncial fields, o ia chonen such that the imdginary
part or i Fiﬂ‘*r‘- is 2ero. Using (12) the Llnitial e~aditior for the {ields Sl can hoe
transferrod Into aivial conditinons for the erpstriucted Ficlds T,. Tn thias tase (13)
gonerilizes "o 1 sor ot k palrs of U fforent jal equations with the aolutions

-.)iT
Pi(') : l‘i casoe = - sin - i (294)
.cil‘i
Ti.( ) T o Pt "'i- Sin P (291
whoere 0, ('l‘i) i vhe nitial valus of the ith pump (Rtokes) ficld with Srecqueney i )
nuch thar
L2
“q (..i ‘i) . am

AL thin point we obaorve from (29) that the pumbp=Stokes corenrsion ureomda in order of Jde-

creviing o whers the tHoeld oalr with the Largest rrequency preduce gees Sirst,. By makina
tae apregimatbonn chat the Initial nump field s muh o ocater thaa the indtial takes
il o "I IR el that the redes are spoessd o aafficeisnt by close (0] Loy WO Fogp a1
i) 5 e tln) oan b exbiresiaen] oan

TP Y oo O
wlhins

: . Vo, 2
l| ( i : 1 . (v



A31|

L ByTpRyTy)

E - << 1 (13)
i 2 ) 2
k
I -Zrl (34)
ok
<> = 2 11.11/1: (35)
i
k
> = o LT (36)
i

Thu aain for the fiecld amplitudes, J can be defined in tha realon 9 ~ 0 (z ~ 0). By fol-
lowing the samo procecdurc we used to qc From (19)-(23) we Eind

K
g =1 ma) i 2 (a7
1

The vain for cach nump-Stokes nair is the sane and ecqual to the aum of the qains for each
indiviliual pump-Stokes nair as LE all the othor fiolds wern abscont.' Therrfore, a singla
pump-Stokes sonversion can be subatantially enhancad by the almnle oresence of nthar pump
modes.

Equatinao (24), (2%) and (28) now bovomn

tan } = - 0TF (38)

| ST TR T I R (M)

gz « (-} - (4n)
SAT

The dynamlea tor this urablem are now complete. We know Lhe order that the fleld mode pairg
gaturdate from (29), and |u conjunction with (449) we know Ehe Incation of saturarion for cach
palr.

If we now allow this pnrocess to occur in o mulllpass coll' whose cavity s dofined by
plane parallel mirrors, thon we can acenunt fnr Fhe refloctlvity of theao mirroral' within
the preaont framewaris of aour oquetiona (sassumina all flelda hav-- the game micror refheetdi-
vity), Sinee oach flold Ty roducod by the refleoctivity R each time {F in rofloctad it a
mirror, we cin obasrve from (1) that @ remalng a eontlaueua function of w.  Thorefore, we
intcaraes (31) in gingle=pass atepa,  The reault 1s to maltinly Lthe right mide of (29) by
RO/, foee Po(0) oV, o) and T, (M) 2 RPYT (D), andd to replaee 2 in (38) and . in
(40) by ((i-fm)/(1-P))L whore n I8 the number ot passen In the cavity of lonath L. e
averall offoct of mirror logses iA ko nimnly extend the distanes over which the dynamies
omur:t,

The aeneral method of aoiving thene tyues of nroblema han oeen published o laowher:s, 't
W have wed this forum to [llustrat e the method and gise polntiona to nome oxample
problems of current interent .

The wthor would like to thank rman Koenmat oamd Jdohn Carlooon tor smggest ing 1 he
problem and for many valuable digeanasions,
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We are neqlocting several effects which cannot he dealt with withln the framcwork of
our uvruatinns: (1) beam overlap which leads to pulsc shaping and gain effects and
(2) focusing 2ffeocty due to the caviiy mirrors which are in reality convex.

Jay R. Ackerhalt, to be publizshed in Phy:. Rev. Lett. (April 6 issuc 1981).



